The model of a multi-level system interacting with several reservoirs is considered. The exact reduced density matrix evolution could be obtained for this model without Markov approximation. Namely, this evolution is fully defined by the finite set of linear differential equations. In this work the results which were obtained previously for only one Lorentz peak in the spectral density are generalized to the case of an arbitrary number of such peaks. The case of the Ohmic contribution in the spectral density is also taken here into account.
Introduction
The mathematically strict derivation of the Markovian equations for the reduced density matrix evolution originates in the work [1] by N.M. Krylov and N.N. Bogolyubov. The methods discussed there were developed in the theory of the stochastic limit. Its modern statement could be found in [2] . The master equation obtained by these methods have the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) form [3, 4] .
But problems of non-Markovian evolution have recently attracted more and more interest [5, 6, 7, 8, 9, 10, 11, 12] . In particular, it is natural to ask the question, when the non-Markovian evolution of a system could be dilated to Markovian evolution of a finite-dimensional density matrix. In this work the model of a multi-level system interacting with reservoirs at zero temperatures is considered. The evolution of the density matrix for this multi-level system could be obtained exactly in terms of the finite-dimensional Shroedinger equation with the non-Hermitian Hamiltonian. We analyze the cases, when evolution of the reduced density matrix could be dilated to Markovian evolution of higher, but finite, dimension.
This work develops and generalizes the results obtained in [13] and [14] . In Sec. 2 we describe our model and introduce the results of the work [14] , which are necessary for this paper. The detailed discussion of connection of our model with other known models could be found in [13] and [14] . We just mention that this model is closely connected with the Friedrichs model [15] and the approach, which we use in the propositions 1 and 3, is a development of the pseudomode approach proposed in [16, 17, 18] . In Sec. 3 we consider the case, when the spectral density is the combination of the Lorentz peaks, and in Sec. 4 we take into account the Ohmic contribution to the spectral density. Finally, in Conclusions we summarize our results and outline possible directions for the further studies.
Model
We consider evolution in the Hilbert space
Here C ⊕ C N is the (N + 1)-dimensional Hilbert space with a distinguished one-dimensional subspace. The degrees of freedom C N describe the excited states of the system and the distinguished subspace corresponds to the ground state. Let |i , i = 0, 1, . . . , N be the orthonormal basis of the space C ⊕ C N , where |0 corresponds to the distinguished subspace. F b (L 2 (R)) are bosonic Fock spaces corresponding to the reservoirs. Denote the vacuum state of these reservoirs by |Ω . Let us also introduce the creation and annihilation operators satisfying the canonical commutation relations:
. We consider the system Hamiltonian of the general form with only the requirement that it vanishes on the ground state. Namely,
where we do not assume thatĤ S is diagonalized in the basis |i . From the physical point of view |i plays the role of the local basis [19] . The reservoir Hamiltonian is a sum of similar Hamiltonians of the free bosonic fields (with the same dispersion relation ω(k))Ĥ
The interaction is described by the following Hamiltonian
Note that this expression takes into account that each level interacts with its own reservoir and the function g(k) (sometimes called form-factor [21] ) is the same for all the reservoirs. From the physical point of view such a Hamiltonian assumes that the dipole approximation (as only the terms, which are linear in creation and annihilation operators, are taken into account) and the rotating wave approximation (there are terms like |i 0| ⊗ b † i (k) in the Hamiltonian) are satisfied. We consider the Sroedinger equation
with the HamiltonianĤ =Ĥ S ⊗ I + I ⊗Ĥ B +Ĥ I and the initial condition
i.e. the initial condition is fully factorized and assumes the zero temperature of the reservoir. We are interested in the evolution of the reduced density matrix
where tr R is a partial trace with respect to reservoir, i.e. with respect to the Fock spaces
In [14] we have proved the following theorem which allows one to describe the evolution of the reduced density matrix in terms of the solution of the finite-dimensional integrodifferential equation.
Theorem 1. Let the integral (reservoir correlation function)
converge for an arbitrary moment of time t ∈ R + and define the continuous function, then
with the initial condition |ψ(t) | t=0 = |ψ(0) .
In the physical literature the spectral density J (ω) is usually assumed to be given instead of the functions g(k) or G(t). The spectral density is the Fourier transform of G(t):
In [14] we considered the case of the spectral density with only one Lorentz peak. In the next section we generalize these results for the case of an arbitrary finite number of Lorentz peaks and in Sec. 4 we take into account the contribution of Ohmic spectral density.
Combination of Lorentz peaks
In this section we reduce the evolution with spectral density which is a positive combination of Lorentz peaks
to a system of linear equations. The finite set of numbers g j and the function g(k) are denoted by the same letter, because they have similar physical meaning. At the same time one should remember that g(k) is a complex-valued function and g j are strictly positive real numbers. The correlation function for the spectral density (8) takes the form
We obtain the following proposition in this case.
Proposition 1. Let |ψ(t) be a solution of Eq. (7) with the initial condition |ψ(t) | t=0 = |ψ(0) in the case, when G(t) = G Lorentz (t) is defined by formula (9), then the (K + 1)N-dimensional vector
satisfies the Schroedinger equation with the non-Hermitian Hamiltonian
with the initial condition |ψ(0) = |ψ(0) ⊕ 0.
Proof. Substituting (9) into (7) and taking into account (10) we obtain
By differentiating (10) with respect to time t we also obtain K differential equations
Combining these differential equations in the one differential equation for the vector |ψ(t) = |ψ(t) ⊕ |ϕ 1 (t) ⊕ . . . ⊕ |ϕ K (t) = |ψ(t) ⊕ ⊕ K j=1 |ϕ j (t) , we obtain (11) . At the same time the definition (10) leads to |ϕ j (0) = 0, i.e. to the initial condition |ψ(0) = |ψ(0) ⊕ 0.
In [13] it was shown that if the matrix V = i 2 (H eff − H † eff ) is non-negative definite, then such a non-Hermitian Hamiltonian defines the (one-particle) GKSL equation such that ρ S (t) could be obtained by the partial trace with respect to KN auxiliary degrees of freedom which have arisen in (11) in comparison with (7) . Following [17] we call such degrees of freedom pseudomodes and following [20] we call the matrix V the optical potential. Without going into detail on this issue, let us note that V = 0 ⊕ γ 1 2 I N ⊕ · · · ⊕ γ K 2 I N and the fact that V is non-negative definite follows from the positivity of γ j . Thus, in the case, when the spectral density is a positive combination of Lorentz peaks, then in accordance with [13] we have obtained that the evolution of the reduced density matrix could always be dilated to Markovian (GKSL) evolution of higher dimension.
Ohmic spectral density
In this section we consider the influence of the Ohmic spectral density contribution J Ohmic (ω) = ηω, η > 0.
Since the Fourier transform of such a function exists only in the sense of generalized functions, then theorem 1 is not directly applicable. Therefore, we consider the family of spectral densities with exponential cutoff J Ω (ω) = ηωe − |ω| Ω parameterized by cutoff frequency Ω which we tend to +∞. The corresponding reservoir correlation function has the following form
.
We also need to consider the family of Hamiltonians
instead of H S . Further we will see that ηΩ π plays the role of a counterterm [22, Subsec. 3.6.1]. As we tend Ω → +∞, then from the physical point of view form (13) corresponds to the fact that the transition energies from the ground state to the excited state are much higher than the transition energies between the excited states. Our research was motivated by transfer models in biological systems, where this condition is met [23, 24, 25, 26] . Moreover, it is this condition that validates neglecting multi-exciton states in our model described in Sec. 2.
Proposition 2. Let |ψ Ω (t) be the solution of (7) with the initial condition |ψ
is defined by formula (13) . Let the limit lim Ω→+∞ |ψ Ω (t) = |ψ (r) (t) exist for t > 0 and define the infinitely differentiable function of time t ∈ (0, +∞), then |ψ (r) (t) is a solution of the equation
with the initial condition |ψ (r) (0) = 1 1+i η 2 |ψ(0) .
Proof. We give here only a brief sketch of the proof. Note that
|ψ Ω (s) .
By substituting this expression into the integral form of Eq. (The terms of the form t 0 dτ iηΩ π |ψ Ω (τ ) are canceled.) For t > 0, Ω → +∞, we have
Differentiating with respect to time and canceling 1 + η 2 we obtain (14) . In addition, assuming in this equation t = 0 we obtain the required initial condition.
Note that if one assumes G c (t) = 0, i.e. the spectral density contains only the Ohmic term, then Eq. 
is necessary for possibility of Markovian dilation. From the physical point of view it means that the transition to the excited levels of the system HamiltonianĤ S from the ground state corresponds to higher energies than ηΩ π which is defined by cutoff frequency. Analogously to Prop. 1 one could obtain the following proposition. Proposition 3. Let |ψ (r) (t) be a solution of Eq. (14) with the initial condition |ψ(t) | t=0 = |ψ(0) in the case, when G c (t) = G Lorentz (t) is defined by formula (9), then the (K + 1)N-dimensional vector |ψ(t) ≡ |ψ(t) ⊕ ⊕ K j=1 |ϕ j (t) ∈ ⊕ K+1 C N , where |ϕ j (t) is defined similarly to (10), satisfies the Schroedinger equation (11) with the non-Hermitian Hamiltonian
In order to examine if optical potential is non-negative definite in this case, let us note that if one moves in each subspace C N of the space ⊕ K+1 C N into the global basis (the eigenbasis of H S ), then H eff could be decomposed into the direct sum of the blocks in the following way (E α are eigenvalues of H S )
Then the optical potential could be decomposed into the direct sum of the blocks in the following way
Since the submatrix 1 2 γ is positive definite, then it is sufficient to test if the determinant
is positive to show that V α is positive definite. The condition det V α > 0 is equivalent to
In general one should examine non-negativity of all the diagonal minors of a matrix to show that this matrix is non-negative definite [ 
then the inequalities for all other minors are satisfied automatically due to the fact that g 2 j γ j is positive. This expression (the condition of Markovian dilation possibility) could be rewritten in the matrix form
which is the generalization of condition (15) for the case G c (t) = 0. From the physical point of view it corresponds to the fact that the transition energies to the excited levels should be greater than the sum of the counterterm which is proportional to the cutoff frequency and the term which is proportional to the sum of the Lorentz peaks maxima.
Conclusions
In this work the exact evolution of the reduced density matrix is obtained for the model described in Sec. 2. It is expressed in terms of the solution of the Schroedinger equation with the non-Hermitian Hamiltonian. The cases, when the spectral density is a combination of Lorentz peaks as well as when there is the Ohmic contribution to the spectral density, is considered. The conditions, when evolution of the reduced density matrix could be dilated to the Markovian one, are obtained. As a possible direction for further study, we find it interesting to try to obtain the exact non-Markovian evolution described in this article as the limit of the approximate evolution of a more general kind. Just as the Markovian equations could be obtained the Bogolyubov -Van Hove limit [2, Sec 1.8].
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